This paper presents a procedure to synthesize planar rigid-body mechanisms, containing both prismatic and revolute joints, capable of approximating a shape change defined by a set of morphing curves in different positions. The existing mechanization process is extended specifically to enable the design of morphing aircraft wings. A portion of the closed-curve morphing chain that has minimal displacement is identified as the structural ground after the segmentation process. Because of the revolute joints placed at the endpoints of the ground section, the moving links of the fixed-end morphing chain need to be repositioned relative to each of the desired wing shapes so as to minimize the error in approximating them. With the introduction of prismatic joints, a building-block approach is employed to mechanize the fixed-end morphing chain. The blocks are located in an assembly position to generate a single degree-of-freedom (DOF) mechanism. Because of the additional constraints associated with prismatic joints compared to revolute joints, the size of the solution space is reduced, so random searches of the design space to find solution mechanisms are ineffective. A multi-objective genetic algorithm is employed instead to find a group of viable designs that tradeoff minimizing matching error with maximizing mechanical advantage. The procedure is demonstrated with a synthesis example of a 1-DOF mechanism approximating eight closed-curve wing profiles.
Introduction
Morphing aircraft wings have the ability to alter their shapes in flight, enabling the vehicle to better perform more * Address all correspondence to this author. tasks in a single mission. By adapting to different flight regimes encountered during a typical aircraft mission, the morphing wing is ideally able to maximize aerodynamic benefits such as reduced drag, enhanced lift, increased fuel economy, etc. This has been proven in part and utilized by conventional wings with discrete control surfaces, such as hinged flaps on the trailing edge. However, recent research in this field [1] has focused more attention on continuous morphing to achieve the potential advantages associated with variable wing span length [2, 3] , sweep angle [2] [3] [4] [5] , twist [6] [7] [8] , bending [6, 9] and airfoil camber [7, [10] [11] [12] [13] [14] . For example, the set of eight airfoil shapes shown in Fig. 1(a) was generated with the objective of minimizing induced drag while maintaining the design lift coefficient [10] . In order to accomplish these changes in shape, smart materials actuators [8, 11, 12, 15] , compliant mechanisms [4, 5, 7, 10, 16, 17] and rigid-body mechanisms [2, 3, 6, 9, 14] have all been employed in the field.
The coupling of large displacement capabilities with large load-carrying capacities is the challenge that adaptive wing structures must overcome to provide a reliable morphing system [6] . Most smart materials actuators, however, are best suited for only small displacements under load. Compliant mechanisms can be used to achieve large deformation via compliant cellular trusses [16] , but at the cost of greatly increased structural complexity inside the wing. Compared to these approaches, rigid-body mechanisms offer some advantages in terms of potential for large geometry changes with large load-carrying capacities. In addition, fewer actuators are typically required to control the morphing process with rigid-body mechanisms, suggesting some opportunities for savings in terms of both actuation energy and weight.
One of the early attempts to utilize rigid-body mechanisms for adaptive aircraft was the Mission Adaptive Wing designed and tested in the mid 1980s [18] . Using rigidlink mechanisms to change the wing camber, this concept proved its aerodynamic superiority over traditional hinged flaps. Another concept to change the wing camber was the segmented rib [14] , which consisted of finger-like sequential hinged plates covered by a flexible skin. Beyond camber change, scissor-like mechanisms [3, 9] have been favored by some researchers to realize shape changes in the wing span length, sweep angle and lateral wing bending. Screw mechanisms [2, 6] were also employed as an alternative to classical hinged devices.
All of the above work is limited to either specific tasks or specific morphing profiles without offering a general synthesis methodology. In addition, these existing designs focus mainly on initial and final morphing configurations without supporting a significant number of intermediate profiles. Design for only two morphing profiles is a serious limitation if a number of wing shapes are required for a given set of flight conditions. Furthermore, purely kinematic synthesis of rigid-body mechanisms does not account for actuator limitations, which can result in impractical designs.
Murray et al. [19, 20] introduced a more general synthesis procedure for planar shape-changing rigid-body mechanisms that includes segmentation and mechanization processes. The segmentation process is a procedure for generating a chain of two or more rigid links, connected by revolute joints, that can be used to provide a good approximation of the morphing shapes. Figure 1 (b) shows a closed-curve morphing chain with 6 segments as an example that approximates the eight profiles from Fig. 1(a) . The mechanization process is a procedure for adding additional links to generate a one degree-of-freedom (DOF) mechanism whose single actuator can drive the morphing chain through the several finitely separated positions in order to match the morphing shapes. One example of such a mechanism approximating the wing profiles from Fig. 1(a) is presented in Fig. 1(c) .
This mechanization process, however, has a number of limitations for morphing wing design. Similar to other rigidbody synthesis approaches, the process may result in heavy and complex mechanical structures inside the wing. More specifically, the current approach adds binary links between the morphing chain and a fixed ground, so an internal support structure is required to carry primary loads back to the fuselage. This can be seen in the interior of the wing in Fig 1(c) where five grounded revolute joints are required for the 1-DOF mechanism. For weight efficiency, however, most modern aircraft use at least portions of the wing surface itself as the primary structural entity. By requiring the addition of an internal ground, the current mechanization procedure does not allow a non-morphing portion of the wing to play this role. Note that in Fig. 1(a) , a significant region on the bottom of the wing surface undergoes little to no displacement during morphing, so with a different approach to mechanization, it could serve as the structural member in place of the extra internal ground required in Fig. 1(c) .
Actuation presents another significant practical limita- tion because the existing mechanization process does not allow for the inclusion of prismatic joints. A prismatic joint is an ideal actuator for morphing mechanisms since it can apply large driving forces directly to the mechanism. Therefore, prismatic joints have been successfully employed in other morphing wing designs [2, 3, 5, 7, 10, 14] , but at the cost of complexity in terms of the additional links and joints. One challenge in including prismatic joints is that the associated additional constraints (compared to those when only revolute joints are involved) significantly reduce the design space of exact solutions. With these constraints present, random searches for solutions, like those upon which Persinger et al. [20] have previously relied, become impractical, and more advanced search techniques are required.
The flowchart in Fig. 2 lays out the synthesis approach taken in this paper, starting with a number of desired wing shapes determined by the aerodynamic analysis for a given set of flight conditions. The objective is to design a 1-DOF rigid-body mechanism so as to recreate those wing shapes as accurately as possible while maintaining realistic actuator loads. The segmentation process of the procedure is identical to that in Murray et al. [19] , but the mechanization process is reformulated to specifically address the challenges of morphing wing design identified above. Still, the overall methodology is not limited to this application area, but is more broadly useful for shape changes defined by both open or closed planar curves [21] .
The remainder of the paper is organized as follows. Section 2 addresses the issue of structural efficiency by provid- ing a means to identify the portion of a morphing curve that has minimal displacement and can function as the ground. Section 3 introduces the ability to include prismatic joints during the mechanization process, and Section 4 incorporates analysis of mechanical advantage into a more advanced search using a genetic algorithm (GA). Section 5 presents the feasibility and efficiency of this procedure using the eightprofile wing design example shown in Fig. 1(a) . Conclusions are presented in Section 6.
Identification of Ground Section on the Wing Surface
Before identifying the ground section of the wing at the mechanization stage, the segmentation process is briefly reviewed to help understand the entire synthesis procedure.
Segmentation
The segmentation process [19] is a procedure for generating a chain of two or more rigid links connected by revolute joints, that approximate the morphing curves. (Note that this paper does not address adding prismatic joints in the morphing chain, only in the constraining elements that reduce the mechanism as a whole to a single DOF.) Each morphing [19] curve is first described by a design profile, like those shown in Fig. 1(a) , which is a piecewise linear curve defined by an ordered set of points. Then, a target profile is generated for each by locating points at equal arclengths along the design profile. A large number of points produces smaller variations between the design and target profiles and in the distances between consecutive points on the target profiles. The large number of points in each target profile is the same, and generally this number is selected using the heuristic that the target profile arclength is greater than 99% of the design profile arclength.
Target profiles can be divided into several segments, which are typically grown point by point along the target profiles to meet an acceptable error. Mean profiles are generated to approximate the shapes of all the corresponding segments in a set. A simple example is shown in Fig. 3 [19] . The mean profiles are assembled into a chain, like the one shown in Fig. 1(b) , by connecting their adjacent endpoints with revolute joints. This chain can be positioned relative to each of the full target profiles so as to minimize the error in approximating them. Then, the problem is converted to the design of a 1-DOF mechanism in order to match a morphing curve represented by the morphing chain in several finitely separated positions, which is the content of the mechanization process.
Span of the Structural Ground
In order to reduce the complexity of the mechanical structures inside the wing, a portion of the morphing surface is sought to serve as the structural ground. Preliminary work examined the original morphing curves to identify a section or sections characterized by minimal displacements throughout the shape change, and synthesis proceeded with this section or these sections fixed. The results, however, were unsatisfactory because the associated constraints limited the design space to solution mechanisms that could not accurately approximate the shape change. Experience with designing mechanisms for a variety of shape changes showed that examining the morphing chain for sections of minimal displacement after the segmentation process is a superior approach.
As its component links are generated from the target profiles, the morphing chain is represented by a large number of points. Furthermore, the pose of every link that minimizes its least square distance relative to a target profile is known for each target profile, and these are referred to as the "design positions." Therefore, the coordinates of every point in the chain can be easily computed in each design position. The largest movement of an arbitrary point of the chain among all n design positions is
where (x i , y i ) are the coordinates of the point in position i. The ground section of the morphing chain is defined by a set of continuous points along the chain that exhibit relatively small displacements compared to all other points during the morphing process. The exact definition of "relatively small" varies with the design problem, and any number of metrics could be employed to identify candidate regions to be fixed to ground. It is often most intuitive, however, to simply plot D for all points in the chain in order to identify such regions. An entire region or any subsection of it can be fixed. The algebraic average of the point coordinates in the n design positions defines the shape of this fixed section. Revolute joints are placed at the endpoints of the ground section to connect it to the moving portion of the morphing chain. As a result, the DOF of the moving portion are reduced by the conversion of a closed-curve morphing chain into a fixed-end morphing chain. To achieve a single-DOF mechanism, m-1 binary links consisting of revolute pairs or sliding pairs must be added to an m-segment closed chain that has m DOF. For an m-segment fixed-end chain that has m-2 DOF, however, only m-3 binary links are required. Note that if the ground is chosen to be an internal portion of a single link from the original chain, this link is actually divided into three parts -the ground and two moving links jointed to it at the fixed revolute joints. The additional complexity associated with the increased number of segments is offset, though, by the reduced complexity of the internal structure required to generate a 1-DOF mechanism. In contrast, if the ground spans portions of two links in the original chain, the number of moving segments remains unchanged -only the fixed ground link is added. When the ground spans portions of three or more links, the fixed-end chain is even simpler, containing fewer moving links compared to the original closed-curve morphing chain. Thus, the designer must manage the tradeoff between reducing complexity and increasing the error in approximating the desired shapes by choosing the span of the ground judiciously.
Repositioning of the Fixed-End Morphing Chain
With the introduction of revolute joints at the endpoints, the moving links of the fixed-end morphing chain need to be repositioned relative to each of the wing shapes so as to minimize the error in approximating them. To illustrate this process, consider n positions of an m-segment morphing chain with fixed ends. As shown in Fig. 4 , the orientation of the j th segment in its i th position is defined by the angle j α i of the vector j O Li connecting two ends of the segment. Then, the coordinates of the connection point j O i for segment j can be calculated from the position and orientation of the connection point on the preceding segment j-1,
A fixed reference frame (X, Y ) is defined so as to be coincident with the moving frame attached to the j th segment when that segment is in pose 1. Then, the i th pose of the segment can be defined by the position vector j ρ i and the rotation angle j α i shown in Fig. 4 . The i th position of an arbitrary point A fixed in the segment is expressed as
where
and a 1 is the position vector of the point A defined in the moving frame (x, y).
The distance between the instantaneous position of segment j and each desired position i is defined by ∆ j e i (Fig. 4) , and the sum for all segments is the instantaneous matching error of the whole morphing chain relative to this i th position.
and ∆ j e i k is the point-to-point distance of the k th point fixed in segment j from its current position to its desired i th position. The minimum value of the instantaneous matching error ∆e i reveals the positions of the moving links in the fixed-end morphing chain for which the wing shape is best approximated. Therefore, in order to identify this position using optimization methods, the error ∆e i serves as the objective function while the rotation angles j α i ( j = 1, 2, ..., m) are regarded as the optimization variables bounded by (0, 2π). The constraint equations defined by the two fixed ends are
where ∆ 1 e i 1 is the point-to-point distance of the first point in the first segment, and ∆ m e i z is the point-to-point distance of the last point z in the last segment. The "fmincon" function in the optimization toolbox of MATLAB is employed to solve this constrained nonlinear multivariable optimization problem. The initial guess is the vector of segment orientations prior to fixing the endpoints of the ground, which is typically a solution that violates the constraints in Eq. 5. The ultimate solution vector of orientations can be regarded as defining the closest positions of the fixed-end morphing chain relative to the actual wing shapes.
Synthesis with Prismatic Joints
To achieve a 1-DOF mechanism with prismatic joints, the mechanization stage is revisited here via a building-block approach. The building-block approach is widely accepted for the analysis [22, 23] and synthesis [24, 25] of planar mechanisms. The construction and connection of basic and auxiliary blocks that include prismatic and/or revolute joints are analyzed in detail to form a 1-DOF morphing mechanism. For shape changes defined by a large number of morphing curves, in general it is difficult to find a mechanism that can match these curves accurately. A weighted least squares approach is presented, and the problem of locating the building blocks is solved by numerical optimization.
Building-Block Approach for Mechanization
After identifying the ground section of the wing, the repositioned fixed-end morphing chain of m segements still has m-2 DOF. One approach to achieve a 1-DOF mechanism is to add binary links between the existing chain and the ground [19, 20] , which has some limitations when prismatic joints are involved. Since the pose of each link in the chain is known in each desired position, the rigid-body guidance problem can be solved for each link separately. Based on this idea, each segment of the chain can be regarded here as part of an independent building block, and both prismatic joints and revolute joints can be employed to construct this building block at the mechanization stage.
The basic building block is the Assur group of class II with prismatic and/or revolute joints. The Assur group is traditionally regarded as part of a mechanism that has zero mobility when its external pairs are connected to the other parts of the mechanism. The two kinds of basic block considered in this paper are the RRR block and the PRR block, as shown in Fig. 5 . Each basic block has a body representing a segment of the morphing chain. The elegance of the buildingblock approach at the mechanization stage is that the basic block is not really restricted to be an RRR or PRR block. Other types of Assur group of class II or higher class can be candidates for basic blocks, such as PPR, RPR, RPP, RRP or PRP blocks. The expansion to these other basic blocks would further extend the design freedom for constructing 1-DOF shape-changing mechanisms, which is a topic of future work.
The nature of the auxiliary block(s) used in the morphing chain depends on the type of chain involved. For an open-curve morphing chain, a single auxiliary block is required, and the four-bar mechanism is the auxiliary block with all revolute joints. Similarly, the crank slider is the auxiliary block with a prismatic joint. The coupler link of either has the shape of the segment in the morphing chain. For a closed-curve morphing chain, a single auxiliary block is required, but the block is just a binary link connecting the morphing chain segments of two basic blocks. This binary link is itself a segment of the morphing chain. For a fixed-end morphing chain like in the wing example, the auxiliary block is again a binary link, but three are required. One each is found on either end of the ground segment, and the third is located anywhere else in the chain. Ultimately, a 1-DOF morphing mechanism is generated by assembling basic and auxiliary blocks in proper numbers for any type of initial chain. Simple examples of such mechanisms are shown in Fig. 6 . 
Weighted Least Squares Approach
For dramatic shape changes defined by more than three morphing curves, the synthesis procedure is more difficult because exact solutions for circle/center-point pairs often do not yield functioning (defect-free) mechanisms. The difficulty is exacerbated by the inclusion of prismatic joints as the space of exact solutions is even smaller. A least squares approach has been proposed to deal with this issue for revolute joints [19] and can aid in locating an acceptable sliding path for a prismatic joint as well.
For the construction of a basic RRR block, the designer seeks to identify the set of circle points fixed in the link, those whose n positions all lie on a single circle. For n = 4, this set is a single infinity of points lying on the circlepoint curve, and for n = 5, it consists of at most 4 points. Practical experience designing shape-changing mechanisms, however, has shown that rarely do these exact circle points yield defect-free mechanisms that satisfy realistic design constraints. Therefore, when n > 3, the more practical approach is to expand the "circle-point" space to include all points in the plane and to evaluate each candidate point based on a least squares fit of a circle through its n positions. Note that this does not eliminate exact circle points from the design space, and for cases in which they do yield quality designs, the GA search approach (see Section 4) actually favors them because they tend to provide more accurate matching of the design profiles.
In practice, each morphing curve may have a different level of importance, in which case each pose of the link would likewise share that importance. This suggests the inclusion of a diagonal weighting matrix W with weights w i (i = 1, 2, ..., n) between 0 and 1 assigned to each pose along the main diagonal. Let the coordinates of a center point A c be denoted (a cx , a cy ) and the radius of the associated least squares circle be r c . The constraint that a point lies on this circle in all n weighted positions is expressed in matrix form as
. . .
and the r subscript indicates a revolute joint since the circle radius is assumed to be finite. The least squares solution is
For the construction of a basic PRR block, the additional constraint that the radius of curvature for the sliding point be infinite reduces the solution space to a single infinity of sliding points, the circle of sliders, when n = 3. The same challenges indicated above apply again, but now, a weighted least squares approach is taken when n > 2 so that all points in the plane are included in the sliding point design space.
For a line defined by its slope k 1 and y-intercept k 2 , the constraint that a point A lies on this line in all n weighted positions can be expressed in matrix form as
and the p subscript indicates a prismatic joint since the point path is linear. The least squares solution has a form identical to that of Eq. 7. Fig. 7 . The challenge of locating two building blocks after the least squares approach to minimize the error in approximating the design profiles in n different positions has been implemented.
Locating of Building Blocks
Since the weighted least squares approach is applied to each link in the morphing chain individually, the constraint that the endpoints of adjacent links remain coincident is lost. Recall that they are actually connected together with revolute joints when exact circle points and sliding points are used in a design. As a simple example, consider the morphing chain composed of only two segments shown in Fig. 7 . Let segment 1 be a link in a PRR block, segment 2 be a link in an RRR block, and j A i denote the i th position of a candidate circle/sliding point associated with segment j. The least squares circle/line will not pass through any of the points j A i in general. Therefore, the morphing chain in each position (dashed line in Fig. 7 ) cannot be used as the actual location for the building blocks, and the segments are not guaranteed to be connected to each other. The optimization approach here is to assemble the building blocks of the mechanism so as to minimize the error in approximating the morphing curve with the highest weight.
Regarding RRR and PRR blocks as mechanisms, each has two DOF, so two independent variables are needed to identify a block's pose. For an RRR block, the variables are the rotation angles of two links relative to the x axis of the global coordinate system ( 2 β, 2 γ in Fig. 8 ). For a PRR block, since the sliding path is known (δ in Fig. 8 ), the position of the slider is given by its displacement along the path ( 1 u in Fig. 8 ). The other variable is the rotation angle of a link in the segment ( 1 γ in Fig. 8) . Therefore, the optimization variables that define the pose of each basic block are j γ and j β or j u.
Since there are three possible combinations of two basic blocks assembled together, there are three different expressions for the distance j d from the outboard connection point on segment j to the inboard connection point on segment j+1. See Fig. 8 for an example connection between a PRR block and an RRR block. In this case, the distance 1 d can be expressed as Fig. 8 . Definition of design variables and parameters used in the numerical optimization method to solve the challenge of locating building blocks created by the least squares approach.
and similar expressions can be derived for the other two cases.
For a morphing chain consisting of m segments, there are m-1 connection points when matching open curves, m connection points when matching closed curves, and m-2 connection points when matching fixed-end curves (assuming the ground segment is included in the count of m). Since the purpose of locating the blocks is to connect the segments together, each distance j d is to be zero. However, binary link auxiliary blocks are treated differently. The distance between the two connection points of the basic blocks on either end of the binary link is equal to the binary link's length. For fixedend morphing chains, the additional constraints are defined in Eq. 5.
Similar to Eq. 4, the objective function of the locating problem with m segments is ∆e f , where f is the most highly weighted curve among all shapes. The j β and j γ variables are bounded by (0, 2π), and the j u variable is bounded by the design region. The additional design variables for assembling the fixed-end morphing chain are the orientations of the first and last segments ( 1 α i and m α i ) defined in Section 2. The initial guess of this optimization problem is the pose of each basic block in position f prior to application of the least squares approach. The solution position can be regarded as an assembly position, and the mechanism can be actuated from this position to evaluate the performance of the design.
Two-Objective Optimization by Genetic Algorithm
While Persinger et al. [20] are able to generate viable designs with a random search technique, the inclusion of prismatic joints adds enough constraints to the problem to make random searches of the design space impractical. Furthermore, including consideration of actuation capability as measured by mechanical advantage requires a more advanced approach. GA [26] is proposed in this paper as an improvement that likewise has advantages over analytical, graphical, direct search, and gradient-based methods for morphing mechanism synthesis. Being a population-based stochastic approach, GA is well suited to solve multi-objective optimization problems, which can address the matching error and mechanical advantage simultaneously. Also, GA does not require a priori knowledge of feasible designs since it is not sensitive to the initial guess. GA specifically addresses the challenge of avoiding a branch defect or singularity, which is a serious design problem for 1-DOF mechanism synthesis. More importantly, multi-objective GA can find a number of viable designs from the Pareto Front within an acceptable calculation time, so the choice of final design can be left to the designer.
Fitness Function and Design Variables
Defined in Eq. 4, the instantaneous matching error ∆e i reflects the matching accuracy of morphing curve i at one instant. The minimum value of ∆e i over the mechanism's full range of motion for a single actuated DOF, ∆e i,min , is the measure of how accurately the mechanism approximates morphing curve i, and the location of that minimum indicates the position of the mechanism when it "matches" this profile. Considering the weights w i applied to the morphing curves, the weighted matching error associated with all n positions is the metric
which serves as one of the fitness functions to be minimized in the GA. Note that this fitness function inherently penalizes designs that exhibit branch or circuit defects. Since only a single actuator is employed in evaluating the "full range of motion," large matching errors naturally result from these defects. The other fitness function is the mechanical advantage over the mechanism's full range of motion. For a perfectly efficient 1-DOF mechanism, operating at steady state, the mechanical advantage MA is generally defined as
where the external load and the input supplied by the driver may each be in the form of a torque or a force. MA is an indicator of the effectiveness of the actuator in overcoming the load. Consider the force distribution along the surface of a wing due to aerodynamic effects. This load can be simplified as m point forces, one applied on each segment. After a static force analysis without taking into account the weight, the required actuator torque (revolute joint) or force (prismatic joint) is calculated at discrete intervals in the morphing process. The instantaneous mechanical advantage is defined by the ratio of the largest point load to the actuation torque or force. Then similarly, the minimum value of the instantaneous mechanical advantage over the mechanism's full range of motion, MA min , serves as the second fitness function to be maximized in the GA. The design variables that form a chromosome are the coordinates (in the assembly position) of the circle/sliding points associated with the building blocks that compose the mechanism and an integer I that identifies the segment number of the auxiliary block in the chain. For an open-or closed-curve morphing chain, the value of the integer I is between 1 and m since the one required auxiliary block can be located anywhere in the chain. For a fixed-end morphing chain, however, the value of I is between 2 and m-1 since two of the three required auxiliary blocks are necessarily at either end of the ground segment, i.e. segments 1 and m. The coordinate bounds are assumed to be specified by the designer, and each chromosome fully defines a 1-DOF mechanism. (Note that the center points associated with the building blocks could be used as design variables in place of the circle points.)
Parameter Setting of GA Optimization
Because of the nonlinear, discontinuous nature of the fitness function, the GA is prone to converge to local minima without genetic variation. In this work, diversity penalties are directly added to the fitness values of nearly identical individuals so as to prevent this phenomenon, which is known as premature convergence [27] . For example, if the chromosomes of two individuals are
the diversity metric S is defined by the sum of the distances between corresponding genes (excluding the last integer gene) in the chromosomes
If the S value is below a user-defined limit, indicating nearly identical chromosomes, a penalty is added to the larger of the two fitness values. Because the fitness function typically has a large number of local minima within relatively narrow regions of the design space, selection of a large limit on S and a large penalty to encourage diversity may actually result in missing the global minimum and/or a number of local minima. On the other hand, a small limit will not yield adequate diversity in the population, leading to premature convergence. Therefore, the limit and penalty must both be established with some care and consideration of the particular problem to be solved. A useful heuristic developed by the authors through experience with a large number of sample problems is to select the S value limit to be the average arclength of the morphing curves and the penalty value to be 100 times the average fitness. In addition, other penalties can also be applied according to the requirements of the problem. For example, the location of the center point in an RRR block or the slider in a PRR block can be restricted to lie inside a user-defined region. This restriction can be useful to define the design region for the actuator. A penalty is added to the fitness value if the obtained location of this point is outside this region. A similar penalty can be applied to address order defects to ensure that the mechanism passes through the positions in the predefined order. In the authors' experience with morphing wing design, however, order defects are rare, so such penalties are not included in synthesizing the solution mechanisms in the example in this paper.
The probability rate of mutation determines the speed of convergence to the minimum fitness solution. Due to the nature of the fitness function, uniform mutation with a relatively high probability rate (0.1) is recommended here. The Pareto fraction, which is the fraction of the population on the best Pareto Frontier to be kept during the optimization, is suggested to be 30% of the total population size so that solution mechanisms from a number of locally minimal regions of the design space are recorded and reported to the designer. One of the advantages of GA over a random search method is the greatly improved computational performance. To achieve the same level of error in matching the morphing curves, the random search for a solution mechanism often requires much longer computation time than the GA search approach. The comparison between these two methods is shown in the example in Section 5. Although the GA is a powerful search technique, the segmentation stage is considered as an independent process here so as to avoid having chromosomes of excessively large dimension, which could jeopardize the computational performance of the GA method.
Application of Design Procedure
In this section, the procedure is demonstrated with the same synthesis example of a morphing wing design as in [10] . The synthesis problem is to design a 1-DOF mechanism capable of approximating a specific set of wing profiles defined by the eight closed-curve design profiles shown in Fig. 1(a) . For all eight positions, the airfoil shape maintains a constant arclength. The external load applied on the wing profile is shown in Fig. 9 and is assumed to remain constant during morphing. In the segmentation process, segments are "grown" point by point along the target profiles until an acceptably small error of 0.0248 ft, which is less than 0.2% of the arclength of the design profile, is achieved with six segments, as shown in Fig. 1(b) .
The generated closed-curve morphing chain is represented by 1485 points. The revolute joint whose x-coordinate is zero in Fig. 1(b) is labeled as point No. 1, and all other points are labeled clockwise along the morphing chain. To simplify the chain and the corresponding 1-DOF shapechanging mechanism, the plot of the largest movement D (defined in Eq. 1) of all points in the chain is shown in Fig. 10 . The largest movement is 0.53 ft, so points that moved less 0.07 ft were considered as candidates for the ground section using a 15% of maximum displacement metric. Fig. 1(b) , only five moving segments remain at this point. With the fixed ends of the ground section, the repositioning of the morphing chain in its closest position relative to each of the wing shapes is illustrated in Fig. 11 . The five-segment morphing chain with fixed ends still has three DOF. For the assembly of building blocks, each position is equally weighted in this example, and the design region for the circle, slider, and center points of all blocks is the area inside the wing. The simplified point load on each segment from the distributed load (Fig. 9) is illustrated in Fig. 12 for the calculation of mechanical advantage. The chromosome length for this specific example is 7. The population size is set to 50, the Pareto fraction to 0.3, and the generation limit to 100. The Pareto Front shown in Fig. 13 allows the designer to select designs that tradeoff maximizing mechanical advantage with minimizing matching error.
One of the solution mechanisms from the Pareto Front shown in Fig. 13 has a matching error of 0.056 ft and a mechanical advantage of 0.617. It is composed of a basic PRR block for segment 2, a basic RRR block for segment 3 and auxiliary blocks for segments 1, 4, and 5. In Fig. 14(b) , it is shown in its assembly position where it matches the first morphing curve. The coordinate data are listed in Ta compared to the design shown in Fig. 1(c) .
The solution mechanism was found in 12 minutes using MATLAB 7.11.0.584 on an Intel Core 2 Duo processor running at 3.0GHz. In order to compare a random search method with the GA proposed in this paper, the same synthesis problem with the same settings from the designer (weights, building block types, design region, etc.) is solved by both methods. Recall that the random search method is only applicable to the optimization of matching errors. The calculation time is recorded in Table 2 for each method to find a viable mechanism that satisfies a set of predefined matching errors. Although the actual calculation time varies for each method, a general conclusion can be drawn from the data in Table 2 that the random search method requires much longer calculation time than the GA to find a viable solution. For errors below 0.1 ft, the random search does not find a viable design within 5000 iterations. the ground section, and the moving links of the morphing chain are repositioned relative to the desired wing shapes. To achieve a 1-DOF mechanism for the fixed-end morphing chain, subchains referred to as "building blocks" are assembled, and prismatic joints can be implemented in any of these building blocks except the binary link auxiliary blocks. For dramatic shape changes defined by a large number of curves, none of the design profiles can be matched exactly in general. This paper presents a weighted least squares method to best approximate the morphing curves in such cases. A numerical optimization method is employed to locate the building blocks in an assembly position relative to one of the curves. Due to the added constraints of prismatic joints, the size of the solution space is reduced, and a GA is employed to identify viable solution mechanisms more efficiently than with a random search. Furthermore, GA is well suited to solve multi-objective optimization problems, which can address both matching error and mechanical advantage simultaneously. Common design issues such as branch and circuit defects are inherently avoided with this approach, and a group of viable designs is obtained from the Pareto Front within an acceptable computation time. An example approximating eight wing profiles shows the feasibility and efficiency of the design procedure.
